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Abstract 
This work concerns the stability for impulsive delayed Cohen-Grossberg neural networks with reaction-diffusion 
terms and Dirichlet boundary condition. By means of Gronwall-Bellman-Type impulsive integral inequality and 
Hardy-Sobolev inequality, we summarize some new and diffusion-dependent sufficient conditions ensuring the
global exponential stability of the equilibrium point. An example is finally illustrated to demonstrate the effectiveness 
of our obtained results. 
© 2011 Published by Elsevier Ltd.  
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1. Introduction 
Cohen-Grossberg neural networks (CGNNs), proposed by Cohen and Grossberg in 1983 [1], have 
been the focus of major attention due to their important applications in various fields. As impulsive 
effects, delay effects and diffusion effects are non-ignorable in reality, the model of impulsive delayed 
reaction-diffusion neural networks is afterwards introduced so as to better describe the evolutionary 
process of the practical systems. This kind of model attracts many scientists’ attention and there have 
been a lot of achievements [2-5] so far. In [4], impulsive differential inequality is employed to discuss the 
stability and a series of sufficient conditions independent of diffusion is provided. Recently, several new 
stability criteria involving diffusion are found in [2-3]. In this paper, under the weaker conditions 
compared with those in [2], the reaction-diffusion term is estimated by utilizing Hardy-Sobolev inequality. 
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Moreover, different from the means of impulsive differential inequality as in most previous literatures, we 
attempt to adopt Gronwall-Bellman-Type impulsive integral inequality to investigate the global 
exponential stability of the equilibrium point. We conclude that both the reaction-diffusion coefficients 
and the regional feature have an effect on the stability.  
2. Preliminaries 
Let RmΩ ⊂  is an open domain containing the origin and radially bounded by β . The boundary of Ω
is smooth and mes 0Ω > . Let ( ) { }2 2 is a real function on  and dL g g g xΩΩ = Ω < ∞∫ .
Consider a class of impulsive delayed reaction-diffusion CGNNs described by 
( ) ( ) ( )( ) ( )( ) ( )( ) ( )( )
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∂ ∂⎛ ⎞ ⎡ ⎤∂= − − − −⎜ ⎟ ⎢ ⎥∂ ∂ ∂ ⎣ ⎦⎝ ⎠∑ ∑ ∑
0t t≥ , kt t≠ , x∈Ω , 1, 2, ,i n= L , k = L1,2,         (1) 
( ) ( ) ( )( )0, , ,i k i k ik i ku t x u t x P u t x+ = + , x∈Ω , k = L1,2, , 1, 2, ,i n= L                  (2) 
where n  corresponds to the numbers of units in a neural network; ( )T1, , mx x x= ∈ΩL , const 0isD = >
represents transmission diffusion; ( )ia �  represents an amplification function; ( )iω �  is an appropriate 
behavior function; activation functions ( )jf �  stands for the output; ijb , ijc  are constants: ijb  indicates 
the connection strength of the jth unit on the ith unit at time t  and in space x , while ijc  denotes that at 
time jt τ−  and in space x , where =constjτ  corresponds to the transmission delay and satisfies 
0 jτ τ≤ ≤ . { }kt  is the sequence of impulsive moments satisfying 0 1 20 t t t≤ < < <L  and limk kt→∞ = ∞ ;
( )0,i ku t x+  and ( )0,i ku t x−  represent the right-hand and left-hand limit of ( ),iu t x  at time kt  and in 
space x , respectively. ( )ikP �  is the abrupt change of ( ),iu t x  at impulsive moment kt  and in space x .
Denote by ( ) ( )0, , ; ,u t x u t x t ϕ= , R nu∈  the solution of system (1)-(2), satisfying the initial condition 
( ) ( )0, ; , ,u s x t s xϕ ϕ= , 0 0t s tτ− ≤ ≤ , x∈Ω                                    (3) 
and Dirichlet boundary condition              ( )0, ; , 0u t x t ϕ = , 0t t≥ , x∈∂Ω                                              (4) 
where the vector-valued function ( ) ( ) ( )( )T1, , , , ,ns x s x s xϕ ϕ ϕ= L  is such that ( )2
1
, d
n
i
i
s x xϕ
Ω =
∑∫  is 
bounded on [ ]0 0,t tτ− . Throughout this paper, we define the norm of ( )0, ; ,u t x t ϕ  as 
( ) ( )20 01, ; , , ; , dn iiu t x t u t x t xϕ ϕ=Ω Ω= ∑ ∫  and list the following assumptions of convenience: H1.
( ) : R Ria +→�  is continuous and there exist constants ia  and ia  such that ( )0 ii ia a aζ< ≤ ≤ < ∞ . H2.
( ) : R Riω →�  is continuous and ( )0 0iω = . Moreover, there exists a constant 0ip >  such that 
( ) ( )1 2
1 2
0i i ip
ω ζ ω ζ
ζ ζ
− ≥ >−  for any 1 2, Rζ ζ ∈  ( 1 2ζ ζ≠ ). H3. ( ) : R Rif →�  is continuous and ( )0 0if = .
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Furthermore, there exists a constant 0il >  satisfying 
( ) ( )
1 2
1 2
1 2
sup i ii
f f
l
ζ ζ
ζ ζ
ζ ζ≠
−= −  for 1 2, Rζ ζ ∈  ( 1 2ζ ζ≠ ). 
H4. ( ) : R RikP →�  is continuous and ( )0 0ikP = .
Definition 1. The equilibrium point 0u =  of problem (1-4) is said to be globally exponentially stable if 
there exist constants 0κ >  and 1M ≥  such that ( ) ( )00, ; , e t tu t x t M κϕ ϕ − −ΩΩ ≤ , 0t t≥ , where 
( )
0 0
2
2
1
sup , d
n
t s t ii
s x xτϕ ϕ− ≤ ≤Ω = Ω= ∑ ∫ .
Lemma 1. [9] Assume that (A1)  the sequence { }kt  satisfies 0 1 20 t t t≤ < < <L , with limk kt→∞ = ∞ ;
(A2) [ ]1PC R , Rq +∈  and ( )q t  is left-continuous at kt , 1, 2,k = L ; (A3) [ ]R ,Rp C + +∈  and for 
1, 2,k = L , ( ) ( ) ( ) ( )
0
0
d
k
t
k kt
t t t
q t c p s q s s q tη
< <
≤ + + ∑∫ , 0t t≥ , where, 0kη ≥  and constc = . Then, 
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Lemma 2. [10] Let Rm⊂S ( 3m ≥ ) be a bounded open set containing the origin and 
( ) ( ) ( )1 2 2, ,1i
i
v H L D L i m
x
ωω ω ω⎧ ⎫∂∈ = ∈ = ∈ ≤ ≤⎨ ⎬∂⎩ ⎭
S S S , then there exists a positive constant 
( )m mC C= S  such that ( )
2 2
2 2
2
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d d d
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m v
x v x C v
x
σ
∂
− ≤ ∇ +∫ ∫ ∫S S S .
Remark 1. ( )1v C∈ S  is required in Lemma 2.1 in [2] while we here suppose ( )1v H∈ S .
3. Main Results 
Theorem 1.  Provided that (i) let { }min 1, , ; 1, , 0isD D i n s m= = = >L L：  and ( ) ( )2 22 2D mχ β= − ;
(ii) ( )( ) ( ), ,ik i k ik i kP u t x u t xθ= − , 0 2ikθ≤ ≤ ; (iii) there exists a constant γ  satisfying e 0γτγ λ ρ+ + >
and e 0γτλ ρ+ < , where 2 2
1, ,
1 1
max 2
n n
i ii i ij ij
i n
j j
a p a b a cλ χ ρ
= = =
⎛ ⎞= − − + + +⎜ ⎟
⎝ ⎠∑ ∑L , ( )
2
1, ,
1
max
n
ii
i n
i
l aρ
= =
= ∑L . Then, 
the equilibrium point 0u =  of problem (1-4) is globally exponentially stable with convergence rate 
( )e 2γτλ ρ− + .
Proof: Multiplying both sides of (1) by ( ),iu t x  and integrating with respect to spatial variable x  on Ω
yields, for 0t t≥ , kt t≠ , 1, 2,k = L ,
( )( ) ( ) ( ) ( ) ( )( )2
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,
d , d d 2 , d 2 , ,
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i i is i i i
s s s
u t x
u t x x t u t x D x u t x a u t x
x xΩ Ω Ω=
∂⎛ ⎞∂= −⎜ ⎟∂ ∂⎝ ⎠∑∫ ∫ ∫
                                 ( )( ) ( )( ) ( )( )
1 1
, , , d
n n
i i ij j j ij j j j
j j
u t x b f u t x c f u t x xω τ
= =
⎡ ⎤− − −⎢ ⎥⎣ ⎦∑ ∑ .            (5) 
Using Green formula, Dirichlet boundary condition, Lemma 2 and condition i of Theorem 3.1 gives 
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( ) ( ) ( ) ( ) ( )
2 2
2
2
1 1
, , 2
2 , d 2 d , d
2
m m
i i
i is is i
s ss s s
u t x u t x D m
u t x D x D x u t x x
x x x βΩ Ω Ω= =
∂ ∂ −⎛ ⎞ ⎛ ⎞∂ = − < −⎜ ⎟ ⎜ ⎟∂ ∂ ∂⎝ ⎠ ⎝ ⎠∑ ∑∫ ∫ ∫ . (6) 
Moreover, it follows from assumptions (H1), (H2) and (H3) that 
( ) ( )( ) ( )( )2 , , , di i i i iu t x a u t x u t x xωΩ∫ ( )22 , di i ia p u t x xΩ≥ ∫ ,                       (7) 
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Substituting (6-9) into (5) produces, for 0t t≥ , kt t≠ , 1, 2,k = L ,
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Define Lyapunov function ( ) ( ) ( )0 2
1
e , d
n
t t
i
i
V t u t x xγ −∗
Ω=
= ∑∫ . It is obvious that ( )V t∗  is a piecewise 
continuous function with points of discontinuity of the first kind kt  ( k = L1,2, ), in which it is left-
continuous. Moreover, since ( ) ( ) ( ) ( )22 2 20, 1 , ,i k ik i k i ku t x u t x u t xθ+ = − ≤  holds for k = L1,2, , we have 
( ) ( )0k kV t V t∗ ∗+ ≤ , 0,1, 2,k = L . Furthermore, by virtue of (10), we find 
( ) ( ) ( ) ( ) ( )0
1
d
e
d
n
t t
j j
j
V t
V t V t
t
γγ λ ρ τ
∗
−∗
=
≤ + + −∑ .                                        (11) 
for ( )+1,k kt t t∈ , 0 1, 2,k = L， . Hence, it is not difficult to see, for ( ]1,k kt t t +∈  and 0,1, 2,k = L ,
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d e e d
j
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k jt t
j
V t V t V s s V s s
τ γγτ
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≤ + + + ∑∫ ∫ .                       (12) 
By induction argument, we reach 
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e d e e d
j
nt t s t
jt t
j
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for ( ]1,k kt t t +∈  and 0,1, 2,k = L . Since ( ) ( )0 0
01
e e d
j
n t s t
jt
j
V s sγγτ τρ
−
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∑ ∫ 2eγττρ ϕ Ω≤ , we obtain 
( ) ( ) ( ) ( )
0
2
0 e e d
t
t
V t V t V s sγτ γττρ ϕ γ λ ρ∗ ∗ ∗Ω≤ + + + + ∫  
for  ( ]1,k kt t t +∈  and 0,1,2k = L . According to Lemma 1, we then claim  
( ) ( )0 0e, ; , 1 e exp 2
h
u t x t h t t
γτ
γτ λ ρϕ τ ρ ϕ ΩΩ
⎧ ⎫⎛ ⎞+⎪ ⎪≤ + −⎨ ⎬⎜ ⎟⎪ ⎪⎝ ⎠⎩ ⎭
, 0t t≥ .
Corollary 1.  Assume that condition iii of Theorem 1 is replaced by 
(iv) there exist constants γ  and 1 2, 0ε ε >  such that e 0γτγ λ ρ+ + >  and e 0γτλ ρ+ < , where  
( ) ( )( )2 2 21 2 11, , 1, ,
1 1
max 2 max
n n
i ii i ij ij i
i n i n
j i
a p a b c l aλ χ ε ε ε
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and the remainder is the same. Then, the equilibrium point 0u =  of problem (1-4) is globally 
exponentially stable with convergence rate ( )e 2γτλ ρ− + .
4. Example 
Consider problem (1-4) with ( )( ) ( ), =1.343 ,ik i k i kP u t x u t x . In addition, let 2n = , 4m = ,
( ) 4T 21 4
1
, , 4i
i
x x x
=
⎧ ⎫Ω = <⎨ ⎬⎩ ⎭∑L , ( )( ), 1i ia u t x = , ( )( ) ( ), 6.5 ,i i iu t x u t xω = , ( )2 2
-0.23 1.3
-0.1 3ij
b ×
⎛ ⎞= ⎜ ⎟⎝ ⎠
,
( )2 4 1.2 2.3 2.5 3.11.8 3.2 2.7 3.4isD ×
⎛ ⎞= ⎜ ⎟⎝ ⎠
, ( )
2 2
-0.1 -0.2
0.1 -0.3ij
c ×
⎛ ⎞= ⎜ ⎟⎝ ⎠
, ( ) ( )1 1 1
4j j j j
f u u u= + − −  and 0 0.5jτ≤ ≤ .
For 2β = , 1.2D = , we compute 0.6χ = . This, together with 1
2i
l = , 1i ia a= =  and 6.5ip = , yields 
1
2
ρ =  and 4λ = − . By choosing 2.6γ = , we can estimate e 0γτγ λ ρ+ + >  and e 0γτλ ρ+ < . According 
to Theorem 1, we therefore conclude that the zero solution of the system is globally exponential stable. 
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